The swimming of a deformable uniform sphere is studied in second order perturbation theory in the amplitude of the stroke. The effect of the first order reaction force on the first order center of mass velocity is calculated in linear response theory by use of Newton's equation of motion. The response is characterized by a dipolar admittance, which is shown to be proportional to the translational admittance. As a consequence the mean swimming velocity, calculated in second order perturbation theory, depends on the added mass of the sphere. The mean swimming velocity and the mean rate of dissipation are calculated for several selected strokes.
I. INTRODUCTION
In recent work [1] on the dynamics of swimming of a deformable sphere in a viscous incompressible fluid with inertia we showed that if the distortion of the spherical surface has an oscillatory dipolar component, then a reaction force is generated which can cause an oscillatory motion of the sphere. To first order the motion is linear in the amplitude of the dipolar distortion. Its magnitude depends on the inner dynamics of the swimmer. In earlier work on swimming in a fluid with inertia [2] we put the first order velocity equal to zero. We view this now as a kinematic condition which is realized only if the reaction force is fully absorbed by the sphere and has no effect on its surface motion. More generally, the effect of the oscillatory reaction force must be taken into account.
For a uniformly deforming sphere the velocity of the surface is identical with that of its center of mass, and the linear velocity cannot be neglected. In the following we show that the linear oscillatory motion affects the first order flow pattern and hence also the mean swimming velocity, where the mean is defined as the time average over a period of the stroke. The effect is dependent on the mass density of the sphere.
The effect of fluid inertia on swimming is characterized by a scale number s, defined by s = a ωρ/2η, where a is the radius of the undistorted sphere, ω is the frequency of the stroke, ρ is the mass density of the fluid, and η is its shear viscosity. In the Stokes limit s = 0 inertia can be neglected. In the limit of large s the swimming is dominated by fluid inertia.
We showed earlier [3] for situations with vanishing linear velocity that the mean swimming velocity and the mean rate of dissipation depend intricately on the scale number s. For certain strokes the mean swimming velocity can change sign as s increases. Such a reversal of swimming velocity was found also in computer simulation of a two-sphere system by Jones et al. [4] . In their model the two spheres are rigid, but oscillate relative to each other. The model was introduced earlier by Klotsa et al. [5] . A mechanical model with simplified hydrodynamic interactions [6] does not show the reversal of mean swimming velocity. Apparently the reversal is related to the details of the oscillatory flow pattern and the combination of friction and inertia.
In Sec. III of this article we elucidate the mechanism which couples the dipolar surface distortion to the linear motion of a uniform sphere. The reaction force which generates the linear center of mass motion must be calculated self-consistently. The linear response to the dipolar distortion follows from Newton's equation and is characterized by a transport coefficient, which we call the dipolar admittance. This quantity depends on the scale number s and the ratio of mass densities ρ 0 /ρ, and turns out to be proportional to the translational admittance.
In Secs. IV and V we calculate elements of the two matrices which enter the calculation of the mean swimming velocity and the mean rate of dissipation in second order perturbation theory in the amplitude of the stroke. As before [3] it is useful to introduce a Stokes representation to facilitate the calculation. In Sec. VI we study the mean swimming velocity and the mean rate of dissipation as functions of scale number and the ratio of mass densities. The article is concluded with a discussion.
II. FLUID MOTION
We consider a flexible sphere of radius a immersed in a viscous incompressible fluid of shear viscosity η and mass density ρ. The fluid is set in motion by time-dependent distortions of the sphere. We shall study axisymmetric periodic distortions which lead to a translational swimming motion of the sphere in the z direction in a Cartesian system of coordinates. The analysis is based on a perturbation expansion of the Navier-Stokes equations in powers of the amplitude of distortions [2] . The no-slip boundary condition is applied on the surface of the distorted sphere.
The surface distortion is written as
with polar angle θ and complex amplitude ξ ω (θ). The distortion ξ is defined in the co-moving frame of the body with the origin at rest. In our recent analysis of the dipole-quadrupole (DQ) model and the quadrupole-octupole (QO) model [7] we showed that in the DQ model the generated flow gives rise to a first order oscillating force on the body which in general leads to a first order motion [1] . By definition we put the first order velocity equal to zero, in accordance with our earlier considerations [2] , and we argued that this can be justified on the basis of an assumption on the inner structure of the body [1] . More generally we must allow internal dynamics for which the first order velocity does not vanish. In this article we assume in particular that the distorting sphere remains uniform with mass density ρ 0 . If the distortion has a dipolar component then the hydrodynamic reaction force on the body leads to an oscillating first order velocity U 1 (t) = U 1 (t)e z with vanishing mean.
The flow velocity u(r, t) and pressure p(r, t) in the laboratory frame are assumed to satisfy the Navier-Stokes equations
We consider a solution of these equations which varies periodically, as caused by the periodically varying shape of the body. In the laboratory frame the flow velocity tends to zero at infinity and the pressure tends to the ambient value p 0 . The periodicity of the solution implies
where U is the mean swimming velocity, T = 2π/ω is the period, and e z is the unit vector in the z direction. The mean swimming velocity U is of second order in the surface distortion ξ. We can assume that at time t = 0 the centroid of the body is at the origin. To first order after period T the centroid is again at the origin. The first order velocity and pressure take the form
with amplitudes u ω (r), p ω (r) which satisfy the linearized Navier-Stokes equations
with the variable
The solution of Eq. (2.5) can be expressed as a linear superposition of modes [8] 
with modified spherical Bessel functions [9] k l (z), radial unit vectorr = r/r = e r , and vector spherical harmonics {A l , B l } defined by [8] A
with Legendre polynomials P l and associated Legendre functions P 1 l in the notation of Edmonds [10] .
The surface distortion function ξ ω (s) in the co-moving frame is prescribed and expanded as
with s = ar and complex coefficients {κ l , µ l }. The mode v 1 (s, α) involves the vector spherical harmonic A 1 = e z corresponding to uniform displacement. The absence of uniform displacement in the co-moving frame implies the constraint κ 1 = 0. The first order fluid velocity at the surface in the co-moving frame is given by v (1) (s, t) = ∂ξ(s, t)/∂t according to the no-slip boundary condition. In the laboratory frame the surface is assumed to move with first order velocity U 1 (t) = Re[U 1ω exp(−iωt)]. The first order flow velocity in the laboratory frame is related to that in the co-moving frame by
The displacement-distortion at the surface r = a in the laboratory frame ξ
Here s denotes a labeled point on the surface of the undistorted sphere. We show in the next section that for a uniform sphere the velocity U 1ω can be calculated from the distortion ξ ω (s) by use of Newton's equation.
III. DIPOLAR DISTORTION AND FIRST ORDER MOTION
The surface displacement-distortion function ξ ′ ω (s) can be expanded as
with the same coefficients for l ≥ 2 as in Eq. (2.9). Here we derive expressions for the two coefficients κ
We write the l = 1 contribution to the velocity at the surface r = a in the laboratory frame in terms of vector spherical harmonics as
Here A 1 = e z corresponds to displacement, and the vector spherical harmonic B 1 = e z − 3 cos θ e r corresponds to a dipolar distortion. The corresponding l = 1 contribution to the flow velocity takes the form
The contribution to the first order pressure is
From the stress tensor we find for the first order force exerted by the fluid on the sphere K
with α = (s − is)/a and scale number s = a ωρ/2η. The contribution k v1 (α) is purely viscous, and k u1 (α) arises from the pressure. The mean surface velocity is U 1ω = c A1 e z . For a uniform sphere this must equal the center of mass velocity, so that we obtain by Newton's equation
where m 0 = 4πa 3 ρ 0 /3 is the mass of the sphere. By substitution of Eq. (3.5) this yields a relation between the coefficients c A1 , c B1 of the form
We find the explicit expression
where m f is the mass of fluid displaced by the sphere, and Y t (ω) is the translational admittance of the sphere, given by [11] 
with frequency-dependent friction coefficient
Here the contribution 1 2 m f is the so-called added mass [12] . We call γ D (ω) the dipolar admittance, since it relates the convective motion of the sphere to the coefficient of dipolar distortion. The admittance may be expressed as 
Using the relation 14) and comparing with Eq. (2.11) we find
Given µ 1 this yields c B1 . Hence we find the velocity
are used in the calculation of the mean swimming velocity, as discussed below.
IV. MEAN SWIMMING VELOCITY AND MEAN DISSIPATION
The first order velocity U 1 (t) as calculated above affects also the first order flow pattern. The flow during the first period can be expressed in complex notation in terms of the amplitude functions as
The mean second order flow velocity v (2) and pressure p (2) in the rest frame, moving with mean swimming velocity U (2) e z with respect to the laboratory frame, satisfy the inhomogeneous Stokes equations [2] 
with boundary condition
The mean is defined as the time-average over the period. The boundary condition is the time average of the no-slip condition calculated to second order in the amplitude of distortion, 
S . The volume part of the second order flow v We define the multipole moment vectors ψ andψ as the one-dimensional arrays of complex coefficients ψ = (κ
The mean swimming velocity U (2) = U 2 and the mean rate of dissipation D (2) = D 2 are bilinear in the vector ψ. The bilinear dependence can be expressed with scalar products as
with hermitian matrices B and A. The matrix B has non-vanishing elements only for indices corresponding to pairs of angular numbers l, l − 1 and l, l + 1, and the matrix A has nonvanishing elements only for indices corresponding to the pair l, l. In our earlier work [8] we calculatedÛ
with truncated matricesÂ andB obtained from A and B by dropping the first row and column. We can write 2 )e 2s Γ(0, 2s) ,
where Γ(0, z) is an incomplete Gamma-function [9] . All other elements of the matrices vanish.
V. STOKES REPRESENTATION
The matrices A(s) and B(s) are singular at s = 0 which causes difficulties in numerical calculations and in the discussion of the relation to swimming in the Stokes limit. As we showed earlier [3] , we can choose a more convenient matrix representation by expanding the surface displacement-distortion ξ ′ ω (s) in terms of a different set of vector functions defined on the surface of the sphere r = a. It is of particular interest to use the set of functions found as limiting values on the sphere surface of the modes defined in the Stokes limit [3] . The mode functions u l (r) in the Stokes limit are the same as in Eq. (2.5), but the functions v l (r, α) are changed to
We denote the corresponding set of superposition coefficients as ψ I = (κ 
with a transformation matrix T. The matrix T is block-diagonal, as given by a factor δ ll ′ , with a 2-dimensional T l at order l given by the relations
The relation between the two sets of matrices is
where T † is the hermitian conjugate of T. The mean swimming velocity U 2 and the mean rate of dissipation D 2 can be expressed alternatively as
Earlier [3] we gave the expressions of the matrix elements of the truncated matricesÂ 8) with the abbreviations
where the function F (z) with complex variable z is defined by
The missing elements B 
VI. MEAN SWIMMING VELOCITY AND MEAN RATE OF DISSIPATION FOR SOME SIMPLE STROKES
The first order center of mass motion has an effect on the mean swimming velocity and the mean rate of dissipation given by the correction terms in Eq. (4.8). For a sphere only the dipolar surface distortion leads to oscillatory motion. Higher order multipole moments of the distortion do not couple by symmetry.
We consider the effect of first order motion on the mean swimming velocity for the simple swimmers studied in Ref. 3 . As before we define the dimensionless reduced mean swimming velocity as [3] 
The denominator provides a measure of the intensity of surface agitation. Here the vector ψ I is given byψ
with a chosen set of coefficients which are independent of s. Hence the vector We compare U red (s) with the previously defined quantity [3 
which has a different numerator. We consider first the Stokes limit s = 0 and the inertia limit s → ∞. The upper left-hand corner of the matrices A 0 = A I (0) and B 0 = B I (0), truncated at l = 4, is given by Eqs. (7.17) and (7.11) of Ref. 13 . We have U red (0) =Û red (0), since κ 
The subscripts 13 indicate that angular numbers l = 1, 2, 3 are involved. The matrix B I 13 (∞) may be used to calculate the mean swimming velocity in the limit of large s for general strokê
The corresponding surface agitation (ψ I |Â 0 |ψ I ) follows from the matrixÂ 0 13 . From these expressions we can evaluate the limiting values U red (∞) andÛ red (∞) in the examples given below.
In our first example we consider the swimmer with a dipolar and a quadrupolar flow field, corresponding to moments µ
, and all other moments vanishing. The dipolar and quadrupolar flow fields vary harmonically in time, and out of phase. For this swimmer the primary reduced swimming velocityÛ red = 1/ √ 2 = 0.701, independent of s. In Fig. 1 we compare U red (s) withÛ red as a function of s for ρ 0 = ρ. In the Stokes limit s → 0 the two quantities become identical. The comparison shows the effect of the linear notion on the mean swimming velocity. In situations without the linear motion the mean swimming velocity is given byÛ red . For a uniform sphere the linear motion leads to U red (s). For a sphere with different internal dynamics the behavior will be intermediate to the two curves shown in Fig. 1 .
For the stroke considered here the limiting value of U red (s) at large s for general ρ 0 is given by
For ρ 0 = ρ this takes the value 26 √ 2/35 = 1.051. In Fig. 2 we compare U red (s) withÛ red (s) as a function of s for ρ 0 = ρ for the swimmer with stroke characterized by
This swimmer is a so-called B 1 B 2 -squirmer with B 2 /B 1 = 5. Ishikawa et al. [14] considered an active particle characterized by these coefficients. In the Stokes limit U red andÛ red both tend to 48/43. For this swimmer the limiting value of U red (s) at large s for general ρ 0 is given by
For ρ 0 = ρ this takes the value 432/301 = 1.435.
In Fig. 3 we compare U red (s) withÛ red (s) as a function of s for ρ 0 = ρ for the swimmer with stroke characterized by
In the Stokes limit U red andÛ red both tend to 5/(3 √ 2) = 1.179. For this swimmer the limiting value of U red (s) at large s for general ρ 0 is given by
For ρ 0 = ρ this takes the value 538 √ 2/525 = 1.449. We define the reduced mean rate of dissipation as
In Fig. 4 we show the behavior for ρ 0 = ρ. In each case the mean rate increases in proportion to s for large s.
In Fig. 5 we compare U red (s) withÛ red (s) as a function of s for ρ 0 = ρ for the swimmer characterized by [15] Both U red (s) andÛ red (s) change sign at some value of s. A sign change of the mean swimming velocity as a function of scale number s was also observed in computer simulations of a two-sphere model by Jones et al. [4] . These authors also found a center of mass velocity oscillating at frequency ω. We presume that the mechanism is similar to that of the model considered here.
In Fig. 6 we compare U red (s) withÛ red (s) as a function of s for ρ 0 = ρ for the swimmer characterized by
For this swimmer U red (s) andÛ red (s) are both positive. As in the other cases U red (s) is significantly larger thanÛ red (s) for large s. In the limit U red (∞) = 2.109 for ρ 0 = ρ.
VII. DISCUSSION
As we showed above, for a uniform deformable sphere the first order reaction force, which is linear in the amplitude of the stroke, causes a linear motion of the sphere which affects the first order flow pattern, and hence also the mean swimming velocity. The conclusion is more general. If the inner dynamics of the swimmer is such that the first order reaction force has an effect on the surface motion, then this must be taken into account, and its effect on the mean swimming velocity must be calculated. A purely kinematic theory, as we developed earlier [2] , is valid only if the first order reaction force is fully absorbed and has no effect on the surface motion, or if the first order motion is simply prescribed along with the surface distortion.
In situations where the first order reaction force does have an effect on the surface motion, then in a complete theory the inner dynamics of the body must be considered. For a uniform body this can be circumvented by the requirement that the net surface motion is identical with that of the center of mass. For a uniform deformable sphere this leads to a calculation of the dipolar admittance, as shown in Sec. III. The calculation demonstrates that added mass has an effect on the mean swimming velocity, as was suggested earlier [16] , [17] .
Our theory of swimming is based on a perturbation theory to second order in the amplitude of the stroke. It is assumed that the flow remains laminar and that turbulence can be neglected in the full range of scale number. The assumption is well supported by the recent computer simulations of a two-sphere system by Jones et al. [4] . In actual swimming the mean swimming velocity will be somewhat reduced by turbulent drag. For further confirmation of the theory it would be desirable to carry out computer simulations for a deformable sphere. Plot of the reduced mean swimming velocity U red (s) as a function of scale number s for the swimmer with with ρ 0 = ρ and stroke characterized by mode coefficients specified in Eq. (6.7) (solid curve) compared withÛ red (s) for the same stroke of a swimmer without linear motion (dashed curve). Plot of the reduced mean swimming velocity U red (s) as a function of scale number s for the swimmer with with ρ 0 = ρ and stroke characterized by mode coefficients specified in Eq. (6.9) (solid curve) compared withÛ red (s) for the same stroke of a swimmer without linear motion (dashed curve). Plot of the reduced mean rate of dissipation D red (s) as a function of scale number s for the swimmer with with ρ 0 = ρ for the dipole-quadrupole swimmer of Fig. 1 (solid curve) , for the swimmer with stroke Eq. (6.7) (long dashes), and for the swimmer with stroke Eq. (6.9) (short dashes). Plot of the reduced mean swimming velocity U red (s) as a function of scale number s for the swimmer with with ρ 0 = ρ and stroke characterized by mode coefficients specified in Eq. (6.12) (solid curve) compared withÛ red (s) for the same stroke of a swimmer without linear motion (dashed curve). Plot of the reduced mean swimming velocity U red (s) as a function of scale number s for the swimmer with with ρ 0 = ρ and stroke characterized by mode coefficients specified in Eq. (6.13) (solid curve) compared withÛ red (s) for the same stroke of a swimmer without linear motion (dashed curve). 
